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Quantum spin liquids (QSLs) are exotic phases of matter exhibiting long-range entanglement and supporting
emergent gauge fields. A vigorous search for experimental realizations of these states has identified several
materials with properties hinting at QSL physics. A key issue in understanding these QSL candidates is often
the interplay of weak disorder of the crystal structure with the spin liquid state. It has recently been pointed out
that in at least one important class of candidate QSLs - pyrochlore magnets based on non-Kramers ions such
as Pr3+ or Tb3+- structural disorder can actually promote a U(1) QSL ground state. Here we set this proposal
on a quantitative footing by analyzing the stability of the QSL state in the minimal model for these systems: a
random transverse field Ising model. We consider two kinds of instability, which are relevant in different limits
of the phase diagram: condensation of spinons and confinement of the U(1) gauge fields. Having obtained
stability bounds on the QSL state we apply our results directly to the disordered candidate QSL Pr2Zr2O7. We
find that the available data for currently studied samples of Pr2Zr2O7 is most consistent with it a ground state
outside the spin liquid regime, in a paramagnetic phase with quadrupole moments near saturation due to the
influence of structural disorder.
Experimental realizations of Quantum Spin Liquid (QSL)
states are the goal of a long-running research effort [1, 2]. In-
terest in QSLs stems from their ability to support fractional
excitations, emergent gauge fields and large-scale quantum
entanglement [3, 4]. Several candidate QSLs are known and
one key subset of these is found amongst pyrochlore oxides
R2M2O7 [5, 6]. The geometrical frustration of the pyrochlore
lattice famously gives rise to spin ice- a classical spin liquid
with magnetic monopole excitations- in Ho and Dy based py-
rochlores [7–9]. The theoretical result that a spin ice imbued
with quantum fluctuations can host a U(1) QSL with emer-
gent photons [10–18] has fueled interest in spin-ice-like sys-
tems with stronger quantum effects [19–33].
A recurrent issue in these investigations is the role of
quenched disorder [34–37]. Recently [38], Savary and Ba-
lents have demonstrated that for pyrochlores based on non-
Kramers ions weak structural disorder can actually promote
the QSL ground state. This is because structural imperfec-
tions around the magnetic sites act as transverse fields on the
low energy effective S = 1/2 degrees of freedom. These
transverse fields induce tunneling between classical spin ice
ground states, which stabilizes the U(1) QSL. Experiments
confirm the presence of these transverse fields in the candidate
quantum spin ice Pr2Zr2O7 [39, 40] suggesting the possibility
of a disorder-induced QSL ground state.
This Letter addresses two questions. Firstly, what is the ex-
tent of the QSL phase in the minimal model for non-Kramers
pyrochlores with weak structural disorder? Secondly, do
currently studied samples of Pr2Zr2O7 fall within this QSL
phase?
The first of these questions is answered by considering two
instabilities of the U(1) QSL: spinon condensation and con-
finement. The threshhold for each can be calculated in pertur-
bation theory. Fig. 1 shows the results of this calculation.
Determining to which phase Pr2Zr2O7 belongs requires pa-
rameterizing a model for this material. We do this by com-
paring available thermodynamic data to Numerical Linked
Cluster (NLC) [41–43] calculations. Our model suggests cur-
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FIG. 1. Instabilites of the U(1) QSL in the random transverse field
Ising model on the pyrochlore lattice [Eq. (5)]. There are two in-
stabilities which appear upon increasing the average strength h¯ and
width δh of the distribution of transverse fields. The condensation
of spinons leads to a trivial paramagnetic phase, and the threshold
for this instablity can be calculated by calcularing the spinon energy
perturbatively [Eq. (15)]. The second instability is to confinement
of the U(1) gauge field, leading to a glassy state with frozen mag-
netic moments. The threshold for this instability occurs along a line
δh = αh¯3, for small δh/J, h¯/J . The coefficient α depends on
the details of the distribution of transverse fields, the figure shows
a sketch with α = 1.
rent samples of Pr2Zr2O7 fall within a paramagnetic phase,
with 4f quadrupole moments nearly saturated by the effec-
tive transverse fields. Exact Diagonalization (ED) calculations
suggest this conclusion is consistent with scattering experi-
ments showing an excitation continuum and broadened, spin-
ice-like, correlations at low energies [30, 44].
Stability regime of the QSL- We consider a minimal model
for non-Kramers pyrochlores where the degeneracy of the
ground crystal electric field (CEF) doublet is lifted by local
deviations from D3d site symmetry. We assume that the gap
to higher energy CEF states is large such that the only rele-
vant degrees of freedom are Pauli matrices ~σi describing the
two states of the ground doublet. Due to the symmetry of
non-Kramers doublets [45, 46] on the pyrochlore lattice, the
magnetic moment on site i points only along the local-axis
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2zˆi joining the centers of the pyrochlore tetrahedra sharing the
site
mi = µeffσ
z
i zˆi (1)
where µeff is the effective moment size. Nearest-neighbor
Ising interactions
HSI = J
∑
〈ij〉
σzi σ
z
j (2)
with J > 0 favour spin-ice-like states in which the total value
of σzi vanishes on every tetrahedron in the lattice∑
i∈t
σzi = 0 ∀ tetrahedra t (3)
The transverse pseudospin operators σx,yi are time-reversal
invariant and cannot contribute to the magnetic moment. A
finite value of these operators corresponds instead to a finite
quadrupole moment [45, 46]. The time-reversal invariance of
σx,yi allows them to couple linearly to lattice imperfections
which lift the local D3d symmetry [38]. These imperfections
thus act as a transverse field on σi
HTF = −
∑
i
hiσ
x
i (4)
where we have used local coordinate transformations on σαi
such that the coupling is always to σxi [38]. The transverse
fields hi are distributed on the interval [0,∞] and we assume
them to be uncorrelated in space hihj = hi hj . We use x to
denote the average of x over disorder realizations, reserving
〈x〉 for quantum statistical averages at fixed disorder realiza-
tion.
The minimal model for non-Kramers pyrochlores with
weak structural disorder is thus a random transverse field Ising
model [38]
HRTFIM = HSI +HTF. (5)
For weak, uniform, hi the ground state is a U(1) QSL,
while for hi  J a trivial paramagnetic state is expected [38].
The transition between these phases occurs via condensation
of the gapped spinon excitations of the U(1) QSL [38, 47].
Below, we use perturbation theory to estimate the threshhold
for this transition. We then consider an alternative, confine-
ment, instability of the QSL which leads to a frozen moment
state.
In the limit hi = 0 a spinon corresponds to a tetrahedron
t where Eq. (3) is violated, with
∑
i∈t σ
z
i = ±2 and a gap
∆0 = 2J . To calculate the gap in the presence of disordered
transverse fields we consider a state containing M spinons.
We take 1M  Nt, where Nt is the number of tetrahedra
in the lattice, such that the spinon density is low and spinon
interactions may be neglected. Using second order perturba-
tion theory we obtain an effective Hamiltonian acting amongst
these M spinon states
H(M)eff = Ecl0 +M∆0 +H(M)1 +H(M)2 (6)
H(M)1 = PMHTFPM (7)
H(M)2 = −PMHTF
QM
HSI − (Ecl0 +M∆0)
HTFPM (8)
where Ecl0 = −NJ , PM projects onto the manifold of states
with M spinons andQM projects onto its orthogonal comple-
ment.
To find the lowest energy state for M spinons we use the
fact that for 1  M  Nt the column sum of H(M)eff is
approximately constant [48, 49]. To see this, consider first
H(M)1 , which allows each spinon to hop to three of its four
neighboring tetrahedra. The column sum ofH(M)1 is∑
α
(
H(M)1
)
αβ
= −
∑
i∈flippable
hi (9)
For sparse spinons M  N there are 3M flippable spins and∑
α
(
H(M)1
)
αβ
= −3M 1
3M
∑
i∈flippable
hi = −3Mh (10)
where we have used the fact that M  1 and the assumption
that hi are uncorrelated on different sites.
The second order part of the effective Hamiltonian H(M)2 ,
contains a diagonal contribution which is constant for 1 
M  N (
H(M)2
)
αα
= −Nt
2J
h2 +
7M
8J
h2 (11)
coming from virtual processes which flip the same spin twice.
The off-diagonal part of
(
H(M)2
)
αβ
enables spinons to hop to
6 out of their 12 second-nearest-neighbor tetrahedra by flip-
ping two spins k, l with matrix element−hkhl4J . Since each M
spinon configuration can tunnel to the same number of other
M spinon configurations we find that the column sum of the
second order Hamiltonian is also approximately constant:∑
α
(
H(M)2
)
αβ
= −Nt
2J
h2 +
7M
8J
h2 − 3M
2J
h
2
(12)
Since H(M)eff [Eq. (6)] has approximately constant column
sum, and negative off-diagonal matrix elements its ground
state must be an equal weight, Rokhsar-Kivelson-like, super-
position of all configurations containing M spinons [48–50]
|φM 〉 = 1√NM
∑
|α〉∈{|M〉}
|α〉 (13)
where NM is the number of such configurations.
Using this wave function and Eq. (6) to calculate the energy
gives
E(M) = Ecl0 −
Nth2
2J
+M
(
2J − 3h+ 7δh
2 − 5h2
8J
)
(14)
3where δh =
√
h2 − h2.
When the coefficient of M in Eq. (14) becomes negative
it becomes favorable for spinons to proliferate and condense.
Stability of the QSL against spinon condensation thus requires
2J − 3h+ 7
8J
δh2 − 5h
2
8J
> 0 (15)
as plotted in Fig. 1. Beyond this line the system gives way to
a trivial paramagnetic ground state.
We can compare the result of Eq. (15) to the phase bound-
ary of the uniform transverse field model (δh = 0) found in
Ref. [47]. Inserting δh = 0, h = h into Eq. (15) we find the
critical value for h is hc ≈ 0.593J , close to the hc ≈ 0.602J
obtained from high field expansion in [47]. The agreement
with the results of [47] for the uniform case suggests that
the second order calculation is sufficient, at least when δh is
small.
In deriving Eq. (15) we have considered M spinon states
with 1  M  N , to justify inserting averaged matrix ele-
ments in Eqs. (10)-(12). One may wonder what happens for
states with small spinon number M ∼ 1. In this case a lower
energy may be obtained by restricting spinons to small subre-
gions with untypically large values of hi. The condensation
of spinons within these subregions can thus occur before the
bulk instability predicted by Eq. (15), leading to a Griffiths
phase in which most of the system remains in the QSL state
but there are rare paramagnetic regions [38]. The Griffiths
phase is difficult to address analytically but could be be iden-
tified in simulation via spinon zero modes appearing at the
boundaries of the paramagnetic regions [38].
While Eq. (15) establishes a bulk stability bound against
spinon condensation, there is another relevant instability for
the QSL. This second instability corresponds to the condensa-
tion of the “magnetic” monopole charge, leading to a con-
finement transition [18]. Unlike the spinons, the magnetic
monopole is an excitation within the ice manifold, so this
instability should be addressed using degenerate perturbation
theory within the classical ground states. A perturbative treat-
ment ofHTF within the ground state manifold ofHSI leads to
a term at fourth order which makes the Ising exchange inter-
actions bond dependent
J → J + δJij , δJij =
h2ih
2
j
48J3
(16)
(see Supplemental Material for details). The ground state of
the bond dependent Ising Hamiltonian will be some frozen
state of σzi which depends on the disorder realization. Such
a ground state corresponds to a confined phase of the U(1)
gauge theory.
In the limit of uniform transverse fields (δh = 0) this term
becomes a constant and the leading non-trivial term is then a
sixth order ring exchange g ∼ h6 which stablizies the U(1)
QSL. At finite δh, the transition between the QSL and con-
fined phases must occur when g ∼ δJ , which gives a phase
boundary
δh = αh¯3 (17)
(a) Heat capacity
(b) Inverse susceptibility
FIG. 2. Establishing a model for Pr2Zr2O7. NLC calculations for
the random transverse field Ising model [Eq. (5)] using J = 0.02
meV, effective moment µeff = 2.45µB and a Lorentzian distribution
of transverse fields with width Γ = 0.2 meV give a good description
of the heat capacity [(a)] and inverse susceptibility [(b)]. Experimen-
tal results for the heat capacity are extracted [60] from Ref. [44]
and results for the susceptibility from Refs. [44, 52]. The inset of
(a) shows the development of the temperature of the specific heat
maximum under a magnetic field applied along the [110] direction,
compared between NLC calculations and data from Ref. [44]. The
heat capacity of isostructural La2Zr2O7 [53] was subtracted from the
data from [44] to remove the phonon contribution. Calculations are
averaged over 106 disorder realizations.
with α depending on the details of the transverse field distri-
bution. Determination of α for a given type of distribution
requires a numerical study beyond the scope of this work.
Modeling Pr2Zr2O7- We now seek to establish a model for
the candidate QSL Pr2Zr2O7, and determine its location on
the phase diagram. In Ref. [39] the distribution of hi arising
in a sample of Pr2Zr2O7 was characterized by analyzing in-
elastic neutron scattering results in an applied magnetic field.
4The result was a Lorentzian distribution
p(h) =
2Γ
pi
1
Γ2 + h2
, h ∈ [0,∞] (18)
with Γ = 0.27meV.
Inspired by this we have compared thermodynamic data
from other samples of Pr2Zr2O7 [44, 51, 52] to NLC calcu-
lations using the Hamiltonian in Eq. (5), with a Lorentzian
distribution of transverse fields (see Supplemental Material
for details). The NLC expansion is a means of estimating
quantities in the thermodynamic limit from a series of diag-
onalizations of small clusters [41–43], which has been used
successfully for other pyrochlores [54–57]. Disorder averages
can be taken term by term in the expansion [58, 59]. Calcula-
tions are done using zeroth (NLC0), first (NLC1) and second
(NLC2) order expansions, incorporating clusters of 1 site, 1
tetrahedron and two tetrahedra respectively. The interaction
strength J , distribution width Γ and effective moment µeff are
treated as adjustable parameters. We have focussed on obtain-
ing agreement with thermodynamic data from Refs. [44, 51],
but the quantitatively similar heat capacity curves obtained
elsewhere [30, 52] suggest that the model we obtain should
be approximately valid for other currently studied samples.
Agreement with heat capacity and susceptibility data is
obtained in the parameter range J = (0.020 ± 0.005)meV
Γ = (0.20± 0.01)meV, µeff = (2.45± 0.05)µB , as shown in
Figure 2(a)-(b). Our fits capture the antiferromagnetic Curie-
Weiss behavior in spite of having a spin-ice like J > 0. They
also capture the broad maximum in the specific heat and its
evolution as a function of applied field [inset of Fig. 2(a)].
Despite obtaining a narrower distribution of transverse
fields than quoted in [39], our fitted model gives a reasonable
description of the neutron scattering data from that study. This
is shown in Fig. 3, where we compare the disorder averaged
on-site correlation function
Cii(ω) =
∑
|α〉
|〈0|σzi |α〉|2δ(ω − Eα) (19)
for the central spin of a 2-tetrahedron cluster with q-integrated
scattering data from Ref. [39]. The model overestimates the
scattering close to the Zeeman energy at each value of field,
but agrees closely with the high energy scattering, and agrees
qualitatively with the form of the lower energy scattering. Dif-
ferences between the model and experimental data may be at-
tributable to interactions not included in the simple model Eq.
(5), spatial correlations in the transverse field distribution [39]
and variation between samples.
What does this model suggest about Pr2Zr2O7? A difficulty
with the Lorentzian distribution [Eq. (18)] is that its moments
h, h2 are not well defined. This inhibits direct application
of the stability criterion (15). We can circumvent this issue
by applying a finite cut-off hmax to the distribution in Eq.
(18) and observing the trajectory of h, δh as the cut-off is in-
creased, while keeping J = 0.02meV and Γ = 0.2meV. Upon
the increasing the cut-off from hmax = 0, the model crosses
into the paramagnetic region of Fig. 1 for cut-offs as low
FIG. 3. On-site correlation function Cii(ω) calculated for three val-
ues of external magnetic field along the [100] direction. Calculations
are made using ED on the 7-site cluster shown in the inset, using pa-
rameters J = 0.02meV and Γ = 0.2meV. Cii(ω) is calculated for
the central spin of the cluster. The dashed lines show a single site
calculation (i.e. neglecting interactions J) and the calculations are
compared with q integrated data from Ref. [39], which are multi-
plied by an overall scale factor. The calculation has been averaged
over 2×105 disorder realizations and convoluted with a Gaussian of
Full Width at Half Maximum (FWHM) =0.11 meV to mimic experi-
mental resolution.
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FIG. 4. Calculation of the inelastic structure factor at ω = 0.2meV
for Pr2Zr2O7 [Eq. (20) ]. The calculation uses real space correla-
tors Cij(ω) calculated from Exact Diagonalization of Eq. (5) on a
16 site cubic cluster, with J = 0.02meV and a Lorentzian distribu-
tion of transverse fields [Eq. (18)] with Γ = 0.2meV. Calculations
are averaged over 300 realisations of disorder and convoluted with a
Gaussian of FWHM =0.11 meV to mimic finite experimental resolu-
tion. This calculation reproduces the broadened remnants of spin-ice
like correlations observed at finite energy in Pr2Zr2O7 [30, 44].
as hmax,c = 0.025meV. Since the distribution of transverse
fields in Pr2Zr2O7 certainly extends far beyond this point, we
should expect Pr2Zr2O7 to fall deep within the paramagnetic
phase of the model. This agrees with both NLC and 16-site
ED calculations which predict a nearly saturated ground state
expectation value of 〈σx〉 ≈ 0.98 with J = 0.02meV and
Γ = 0.20meV.
A natural question at this point is whether this conclusion
5can be reconciled with inelastic neutron scattering experi-
ments [30, 44]. To address this we have calculated disorder
averaged real space correlation functions, Cij(ω), up to third
nearest neighbour in 16-site ED and combined them into a
calculation of the dynamical structure factor for neutron scat-
tering
Sq(ω) =
∑
i,j
eiq·(ri−rj) (zˆi · zˆj − (zˆi · qˆ)(zˆj · qˆ))Cij(ω)
N
(20)
Using our model parameters to calculate this at finite energy
ω = 0.2meV, we obtain a similar pattern to that observed in
Refs. [30, 44], namely broadened remnants of spin-ice like
correlations. This suggests that neutron scattering observa-
tions on Pr2Zr2O7 can be reconciled with the paramagnetic
state predicted here.
Conclusions- We have investigated the instabilities of the
U(1) QSL against spinon condensation and confinement in
a model describing non-Kramers pyrochlore magnets with
weak disorder. We have parameterized this model for cur-
rently studied samples of the Pr2Zr2O7 and found that they
most likely fall within the paramagnetic regime, a result con-
sistent with available scattering data. An interesting direction
for future research is to seek control of the transverse field dis-
tribution by varying experimental parameters in the synthesis
procedure. If one can tune through the spinon condensation
threshhold in this way, then not only the U(1) QSL phase but
also the topological quantum phase transition connecting the
QSL to the paramagnetic phase become accessible. The deter-
mination of the phase boundary and the method of estimating
model parameters from thermodynamics used in this work can
aid in the fine tuning of samples through the phase transition.
Other Pr pyrochlores such as Pr2Hf2O7 [31, 32] and
Pr2Sn2O7 [28] are of great interest, particularly given recent
experimental results indicating the possible existence of emer-
gent photons in Pr2Hf2O7 [33]. Further work is needed to
determine whether these materials realize the U(1) QSL.
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7SUPPLEMENTAL MATERIAL: INSTABILITIES OF A U(1)
QUANTUM SPIN LIQUID IN DISORDERED
NON-KRAMERS PYROCHLORES
DETAILS OF NUMERICAL LINKED CLUSTER
CALCULATIONS
Here we give some details of the Numerical Linked Cluster
(NLC) calculations presented in the main text. A pedagogical
introduction to NLC expansions is given in [43].
In Numerical Linked Cluster expansions an extensive quan-
tityO divided by the number of sitesN , is calculated as a sum
over contributions from all clusters c that can be embedded in
the lattice
1
N
〈O〉 =
∑
c
M(c)W (c). (21)
M(c) is the multiplicity of the cluster per site- i.e. how
many times that cluster can be embedded in a lattice of N
sites, divided by N . W (c) is the cluster weight defined as
W (c) = 〈O〉c −
∑
s⊂c
W (s) (22)
where 〈O〉c is the expectation value of O on the cluster c,
which is calculated from exact diagonalization. The sum in
the second term is a sum of the weights of all the subclusters
of c.
In our calculations we have used the series of clusters
shown in Fig. 5, calculating the series up to second order.
We have used clusters of 1, 4 and 7 sites and we denote them
as c1, c4, c7. The multiplicities of these clusters per site are
M(c1) = 1, M(c4) =
1
2
M(c7) = 1 (23)
and the weights for calculation of quantity O per site are
W (c1) = 〈O〉c1
W (c4) = 〈O〉c4 − 4〈O〉c1
W (c7) = 〈O〉c7 − 2(〈O〉c4 − 4〈O〉c1)− 7〈O〉c1 . (24)
In the presence of disorder, disorder averaged quantities can
be calculated by taking the disorder average term by term [59],
i.e.
1
N
〈O〉 =
∑
c
M(c)W (c) (25)
W (c) = 〈O〉c −
∑
s⊂c
W (s) (26)
For the calculations in the presence of an external [110]
magnetic field [inset of Fig. 2(a) of main text], the reduction
in point group symmetry due to the applied field means that
the clusters c1 and c7 now have two inequivalent types which
must be treated separately [56].
(a) Cluster c1:
One site
(b) Cluster c4: One
tetrahedron
(c) Cluster c7: Two tetrahedra
FIG. 5. Series of clusters used in NLC calculations in the main text.
FIG. 6. Total squared error of the fit to the zero-field heat capacity
data of Ref. [44], as a function of the width parameter Γ and the Ising
exchange J . Calculations were made for each value of Γ, J using
second-order NLC expansion and averaging over 106 realizations of
disorder. The best fits are obtained with Γ ∈ [0.19, 0.22] meV, J <
0.035meV. In this limit the fit quality is only weakly dependent on
J which must be fixed using the susceptibility data [see Fig. 7].
The black square indicates the region where t where both(∆C)2 and
(∆χ−1)
2 are minimized, up to the accuracy of our calculations. This
region constitutes our estimates of the model parameters [Eq. (29)].
OPTIMIZATION OFMODEL PARAMETERS FOR Pr2Zr2O7
Here we describe the procedure used to optimize the
model parameters J,Γ, µeff to describe the thermodynamics
of Pr2Zr2O7 [Fig. 2 of main text].
To begin with we consider the zero-field heat capacity data
in the temperature range T ∈ [0.4, 10]K, which we have ex-
tracted from Ref. [44]. For each value of the temperature
we have subtracted the lattice specific heat based on the mea-
8surements for non-magnetic La2Zr2O7 in [53], to obtain the
experimental magnetic heat capacity Cmag,exp(T ).
We then calculate C¯(J,Γ, T ) in second order NLC for a se-
ries of values of J at intervals of 0.005meV and Γ at intervals
of 0.01 meV respectvely. The calculation is made using disor-
der averaging over 106 realizations of disorder. Note that the
zero field heat capacity is independent of the effective moment
µeff .
For each value of J , Γ we calculate the total squared error
∆2C =
1
Np
∑
i
(Cmag,expi (Ti)− C¯(J,Γ, Ti))2 (27)
where the index i runs over experimental data points
Cmag,expi (Ti) and Np = 47 is the number of data points used.
The results of this calculation are shown in Fig. 6. The best
fits are obtained with distribution widths Γ ∈ [0.19, 0.22]meV,
and with J < 0.035meV. This is a parameter regime where the
heat capacity is dominated by the distribution of transverse
fields, so the quality of fit is only very weakly dependent on
J .
To fix J and µeff we turn to the inverse susceptiility data.
Similarly to the treatment of the heat capacity we extract the
experimental susceptibility 1χexp(T ) from Ref. [44]. We then
calculate χ¯−1(J,Γ, µeff , T ) in second order NLC for the same
parameter sets J,Γ used to calculate the heat capacity in Fig.
6, averaging over 106 realizations of disorder.. Initially we set
µeff = 2.45µB as found in Ref. [44].
The total squared error for the inverse susceptibility is
∆2χ−1 =
1
Np
∑
i
(
1
χexpi
(Ti)− χ¯−1(J,Γ, µeff , Ti)
)2
(28)
where i runs over experimental data points 1
χexpi (Ti)
and Np =
51 is the number of data points used.
∆2χ−1 is plotted as a function of J,Γ with µeff = 2.45µB in
Fig. 7. There is a line of parameter sets which each give an
approximately equally good fit, diagonally across the (J,Γ)
plane.
The black box plotted in Figs. 6 and 7 indicates the region
which gives good agreement for both the heat capacity [Fig.
6] and inverse susceptibility.
This region is delineated by
J = 0.020± 0.005 meV
Γ = 0.20± 0.01 meV (29)
Lastly, we check the robustness of the parameter set against
variations of the ordered moment µeff . The heat capacity does
not depend on µeff so we need only check the fit to the sus-
ceptibility. Fig. 8 shows ∆2χ−1 as a function of J for values of
µeff in the range [2.35, 2.55]µB , with Γ = 0.2 meV. Moving
away from µeff = 2.45µB significantly reduces the quality of
the optimum fit.
We estimate
µeff = 2.45± 0.05 µB . (30)
FIG. 7. Total squared error of the fit to the inverse magnetic suscept-
bility data of Ref. [44], as a function of the width parameter Γ and
the Ising exchange J . Here the effective magnetic moment is fixed to
µeff = 2.45µB , in agreement with [44]. Calculations were made for
each value of Γ, J using second-order NLC expansion and averaging
over 106 realizations of disorder. There is an extended minimum in
(∆χ−1)
2 in the (J,Γ) plane, running diagonally across the plot. The
black square indicates the region where this minimum intersects the
minimum in (∆C)2 [Fig. 6]. This gives us our estimate of the model
parameters [Eq. (29)].
µe↵ = 2.35µB µe↵ = 2.45µB
µe↵ = 2.55µBµe↵ = 2.50µBµe↵ = 2.40µB
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FIG. 8. Total squared error of the fit to the inverse magnetic suscept-
bility data of Ref. [44], as a function of the Ising exchange J , for var-
ious values of µeff and Γ = 0.20 meV. Calculations were made for
each value of J, µeff using second-order NLC expansion and averag-
ing over 106 realizations of disorder. Error bars are statistical errors
from the disorder average. Varying µeff away from µeff = 2.45µB
results in a poorer fit to the data.
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(a) Antiferromagnetic bond σzk = −σzl
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(b) Ferromagnetic bond σzk = σ
z
l
FIG. 9. Processes contributing at fourth order in perturbation theory [Eq. (33)] on a bond k, l in a spin ice state. The labels on the intermediate
states, indicate the energy of each tetrahedron, relative to its ground state energy, in that state. These quantities appear in the denominator
of the correction to the energy [Eq. (33)]. The resulting correction to the energy depends on whether the bond k, l is antiferromagnetic [(a)]
or ferromagnetic [(b)] in the initial state. The total correction to the energy for an antiferromagnetic bond arising from these processes is
δE
(4)
AFM = −h
2
kh
2
l
16J3
, whereas for a ferromagnetic bond it is δE(4)FM = −h
2
kh
2
l
48J3
.
CONFINEMENT INSTABILITY OF THE U(1) QSL
Here we describe the perturbation theory calculation which
leads to the result that the instability threshold for a confine-
ment transition of the U(1) gauge fields occurs along a line
δh
J
≈ α
(
h¯
J
)3
(31)
with the coefficient α being dependent on the distribution of
transverse fields.
The confinement transition is associated with the conden-
sation of a dual monopole charge, and leads to a state with
frozen Ising moments σzi [18]. In the perturbative limit
h¯, δh  J , the dual monopoles are excitations within the
manifold of classical spin ice states. To address this instabil-
ity, it is therefore appropriate to consider perturbation theory
within the manifold of classical spin ice ground states.
ConsideringHTF [Eq. (4) of main text] as a perturbation to
HSI [Eq. (2) of main text] within degenerate perturbation the-
ory in the ice manifold, only even orders of the expansion are
non-vanishing. At second order, there is only a trivial constant
shift in the energy
δE(2) = −
∑
i
h2i
4J
(32)
which is independent of the configuration of σiz .
For non-uniform transverse fields, there is a non-trivial con-
tribution arising at fourth order. This contribution arises from
virtual processes in which two neighbouring spins are flipped,
creating excitations out of the ground state manifold, and then
both are flipped back, thus returning to the original spin con-
figuration [see Fig. 9]. Such processes generate an effective
Hamiltonian, acting within the classical ground state manifold
Hg(4) = −PgHTF
( Qg
HSI − Ecl0
PgHTF
)3
Pg (33)
wherePg projects onto the classical ground state manifold and
Qg projects onto its orthogonal complement.
For an antiferromagnetic bond k, l, with σzk = −σzl the total
contribution to the fourth order correction to the energy is
δE
(4)
AFM = −
h2kh
2
l
16J3
(34)
10
while for a ferromagnetic bond we have
δE
(4)
FM = −
h2kh
2
l
48J3
. (35)
For a general bond k, l we can therefore write
δE
(4)
k,l = −
h2kh
2
l
24J3
+
h2kh
2
l
48J3
σzkσ
z
l . (36)
Including this fourth order correction, the effective Hamil-
tonian in the ground state manifold now becomes an Ising
model, with bond-dependent exchange interaction
HSI +Hg(4) =
∑
〈ij〉
J ′ijσ
z
i σ
z
j (37)
J ′ij = J +
h2ih
2
j
48J3
(38)
In the case where hi is uniform this will amount to a trivial,
constant correction to the ground state energy, as in the second
order case. However, in the disordered case where hi is non-
uniform, the leading effect of hi is to generate a correction to
the effective exchange interaction such that the Ising exchange
J becomes stronger on bonds connecting pairs of sites with
large values of the transverse field hi.
For a general realization of disorder, this will break the clas-
sical degeneracy of the ice manifold and favour some frozen
configuration of σzi which minimizes Eq. (37). Such a state
will prefer to have antiferromagnetic bonds connecting sites
with large values of hi. The selection of such a frozen con-
figuration confines the fractional excitations of the spin liquid
phase [18].
To estimate the instability threshold, we consider starting
from the limit
J  h¯ δh
and turning up the value of δh. At δh = 0 the U(1) QSL is
stabilized by a ring exchange term with coefficient [47]
g = −63h¯
6
256
. (39)
Increasing δh will split the classical degeneracy of the ice
manifold, via Eq. (37) by an amount
 ∝ h¯3δh. (40)
The transition from U(1) QSL to frozen configuration must
happen when  ∼ g, giving
δh ∝ h3 (41)
with the coefficient of proportionality depending on the details
of the transverse field distribution.
